We propose and theoretically and numerically investigate narrowband integrated filters consisting of identical resonant dielectric ridges on the surface of a single-mode dielectric slab waveguide. The proposed composite structures operate near a bound state in the continuum (BIC) and enable spectral filtering of transverse-electric-polarized guided modes propagating in the waveguide. We demonstrate that by proper choice of the distances between the ridges, flat-top reflectance profiles with steep slopes and virtually no sidelobes can be obtained using just a few ridges. In particular, the structure consisting of two ridges can optically implement the second-order Butterworth filter, whereas at a larger number of ridges, excellent approximations to higher-order Butterworth filters can be achieved. Owing to the BIC supported by the ridges constituting the composite structure, the flat-top reflection band can be made arbitrarily narrow without increasing the structure size. In addition to the filtering properties, the investigated structures support another type of BICs -Fabry-Pérot BICs arising when the distances between the adjacent ridges meet the Fabry-Pérot resonance condition. In the vicinity of the Fabry-Pérot BICs, an effect similar to the electromagnetically induced transparency is observed, namely, sharp transmittance peaks against the background of a wide transmittance dip.
Introduction
Spectral filters that selectively reflect or transmit the incident light are indispensable in various optical devices including spectrum analyzers, image sensors and wavelength demultiplexers. In a wide class of planar (integrated) optoelectronic systems, spectral or spatial filtering is performed in a slab waveguide [1] [2] [3] [4] [5] [6] [7] . Such geometry corresponds to the "insulator-oninsulator" platform and is suitable for the creation of fully integrated optical devices.
In [1, [8] [9] [10] [11] [12] , planar Bragg gratings (BGs) and phase-shifted Bragg gratings (PSBGs) for spectral filtering of optical radiation propagating in the waveguide were proposed. A planar BG corresponds to a single-mode slab waveguide with a periodically corrugated surface and acts as a reflection filter centered at the Bragg wavelength. A change in the waveguide thickness leads to a change in the effective refractive index of the guided mode, which makes it possible to encode the required refractive index distribution analogous to a free-space BG. A planar PSBG consists of two or more symmetric BGs separated by phase-shift regions and enables obtaining a narrow transmittance peak at the center of the stopband [1, 11, 12] .
Recently, a promising alternative to a narrowband planar BG-based filter was proposed [13] [14] [15] [16] . It was shown that an extremely simple resonant structure consisting of a single dielectric ridge on the surface of a single-mode slab waveguide supports high-Q resonances associated with the excitation of the TM-polarized modes of the ridge by the obliquely incident TEpolarized mode of the waveguide. Moreover, at properly chosen parameters, the ridge supports bound states in the continuum (BICs). Near a BIC, the reflectance spectrum has a symmetric Lorentzian line shape, which makes it possible to use the ridge structure as a narrowband filter operating in reflection. At the same time, the Lorentzian line shape of the reflectance peak does not always fit the design requirements. For many practical applications, achieving nearly rectangular reflectance spectra with flat top and steep slopes is highly desirable [11, 17] .
In the present work, we investigate composite resonant structures comprising several identical ridges on the surface of a slab waveguide separated by phase-shift regions. We show that by proper choice of the widths of the phase-shift regions, flat-top reflectance profiles with steep slopes can be easily obtained using just a few ridges. Moreover, the width of the reflection band near the BICs can be arbitrarily small by choosing the ridge width. To the best of our knowledge, this work presents the first theoretical and numerical demonstration of integrated flat-top filters operating in the near-BIC regime. In addition to the applications in spectral filtering, the proposed composite structures have another interesting property. At the distances between the ridges, which satisfy the condition of the Fabry-Pérot resonance, ( ) 1 N − -degenerate BICs of Fabry-Pérot type arise in the composite structure comprising N ridges. In the vicinity of these BICs, an effect similar to the electromagnetically induced transparency is observed.
Geometry and reflectance spectra of a single ridge on the surface of a slab waveguide
One of the simplest integrated structures possessing remarkable resonant properties is a dielectric ridge located on the surface of a single-mode slab waveguide [ Fig. 1(а) ]. In our recent works [13, 14] , it is shown that in the case of diffraction of an obliquely incident TE-polarized mode of the waveguide, the ridge exhibits BICs and high-Q resonances associated with the excitation of the cross-polarized modes of the ridge. As an example, Fig. 2 shows the TE-polarized mode reflectance vs. the ridge width w and the angle of incidence  . The plot was calculated using an efficient in-house implementation of the aperiodic rigorous coupled-wave analysis (aRCWA) technique [18] [19] [20] . The reflectance spectrum shown in Fig. 2 has a pronounced resonant maximum. As it was shown in [13] , this resonance is caused by the excitation of a cross-polarized ("TM-like") mode of the ridge. It is important to note that in the chosen range of angles of incidence  
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, no out-of-plane scattering of the incident mode on the ridge occurs. Moreover, no crosspolarized reflected and transmitted modes are excited. A detailed description of this scattering cancellation mechanism is presented in [13, 14] . In this case, at maxima, the reflectance reaches unity. The angular width of the resonant maximum varies from approximately 0.1 at the boundaries of the considered interval of the ridge width   [13, 14] . As an example, Fig. 3 the wavelength spectra calculated at the corresponding angles of incidence
It is evident from Fig. 3 that the width of the reflectance peak decreases when approaching the BIC. Theoretically, in the vicinity of a BIC, it is possible to obtain a reflectance peak having an arbitrarily small width. 
Theoretical model describing the spectra of a composite structure comprising several ridges
Lorentzian shape of the reflectance spectra shown in Fig. 3 makes it possible to use the ridge as an angular or as a frequency filter. However, a rectangular reflectance peak with flat top, steep slopes and low sidebands would be more suitable for many practical applications [11, 17] . In what follows, we demonstrate that composite structures comprising several ridges on the surface of a slab waveguide, which operate in the near-BIC regime, enable obtaining narrow flat-top reflectance peaks with steep slopes. In this case, the BICs supported by the ridges allow one to make the width of the flat-top reflection band arbitrarily small by choosing the ridge width. Geometry of the proposed composite structure is shown in Fig. 1(b) . For illustrative purposes, the structure consisting of three ridges is depicted. We assume that the ridges constituting the composite structure are identical, whereas the widths of the phase-shift regions separating the ridges may, in general, be different.
To analyze the composite structures, it is convenient to describe the optical properties of a single ridge at a fixed angle of incidence  by the scattering matrix [20] [21] [22] ( )
Two-ridge composite structure
Let us now consider a composite structure consisting of two ridges described by identical scattering matrices defined by Eq. (1) and separated by a phase shift region with the width 1 l . At a fixed angle of incidence 0  , the scattering matrix of the composite structure can be expressed through the matrix ( )
as [20, 23] ( ) ( ) ( ) ( )
where the symbol  denotes the Redheffer star product [20] , and ( )
is the scattering matrix describing the phase shift region:
Here, ( )
is the phase shift acquired by the mode upon propagation through the phase-shift region, and I is the 2 2  identity matrix. For simplicity, in Eq. (4) we assume that the dependence of the phase shift on the wavelength can be neglected, so that this phase shift can be approximated as ( ) Using the definition of the Redheffer star product [20] , one can easily obtain the scattering matrix of the composite structure in the following form: 
By substituting Eq. (2) into Eq. (6), we obtain the following resonant approximations of the reflection and transmission coefficients of the composite structure:
Re ,,
where ( ) ( )
2i cos Im
According to Eqs. (7)- (9), the composite structure consisting of two ridges supports two eigenmodes. These eigenmodes have the complex wavelengths defined by Eq. (9), which are the poles of the reflection and the transmission coefficients. Besides, the reflection coefficient has a real-valued zero ,1 z  = defined by Eq. (8), whereas the transmission coefficient has a real-valued second-order zero at Re
It is interesting to discuss the behavior of Eq. (7) Re
Therefore, taking into account the expression for ,2 r  , the two poles in both fractions in Eq. (7) are canceled out by the zeros. Therefore, the considered composite structure supports two BICs having the same wavelength p  , or, in other words, a doubly-degenerate BIC.
It is evident from Eq. (7) 
where the phase shift 
It is important to note that the expression for 
Multiple-ridge composite structures
Similarly, one can obtain the reflection and the transmission coefficients of the composite structure consisting of three equally spaced ridges. Indeed, by calculating
, we obtain the reflection and the transmission coefficients of the composite structure in the form (12)- (14), the reflection and the transmission coefficients of the composite structure comprising three ridges have three poles [three eigenmodes with the complex wavelengths defined by Eq. (14)]. The reflection coefficient has two complex-valued zeros defined by Eq. (13), whereas the transmission coefficient has a thirdorder zero Re p  = .
In the general case of a composite structure consisting of N ridges, the reflection and the transmission coefficients of such a composite structure have N poles (N eigenmodes with the complex wavelengths , pm  ) and can be described by the following expressions: .., iN = of the phase-shift regions separating the ridges. In the following section, we will show that optimization with respect to these parameters enables obtaining a nearly rectangular reflectance peak with flat top, steep slopes, and no sidelobes.
Let us also emphasize that the theoretical results obtained in this section are not specific for the considered ridge structures and can be applied to any composite structure comprising Lorentzian-line-shape resonators separated by phase-shift layers.
Numerical investigation and optimization of composite structures
In Section 3, it was shown that if the condition of Eq. (10) is met, the complex reflection coefficient of the composite structure consisting of two ridges coincides with the transfer function of the second-order Butterworth filter, which provides a more rectangular shape of the resonance than that of a single ridge. Unfortunately, this effect is not preserved at a larger number of ridges 2 N  . For example, Fig. 4 shows the rigorously calculated transmittance and reflectance spectra of the composite structures consisting of 2 N = , 4 N = , and 6 N = ridges. The spectra were calculated at the angle of incidence 53.72  = , ridge width 380 nm w = , and a fixed distance between the ridges 948 nm l = satisfying the condition of Eq. (10) at 3 m = . For comparison, the dashed lines in Fig. 4 show the spectra of a single ridge. At 2 N = [ Fig. 4(a) ], the spectra are with a high accuracy described by the expressions ( ) ( )
Rr  = and ( ) ( ) . With an increase in N, the central parts (reflectance peak and transmittance dip) of the spectra become closer to a rectangle, but the sidelobes (two at 4 N = and four at 6 N = ) arise. These sidelobes emerge due to the appearance of additional zeros of the reflection and transmission coefficients. 
which describes a peak with a smoothed rectangular shape having the width 2 and no sidelobes. Note that Eq. (16) generalizes Eq. (11) and corresponds to the squared modulus of the transfer function of the Butterworth filter of the order N [24] . The function defined by Eq. (16) can be referred to as Butterworth line shape, which becomes the conventional Lorentzian line shape at 1 N = . Let us demonstrate the possibility of tailoring the shape of the resonant reflectance peak (transmittance dip) of the composite structures at 4 N = and 6 N = . The distances j l were optimized using the conjugate gradient method in order to obtain reflectance spectra described by the functions ( )
The used  value corresponds to the reflectance peak width of a single ridge at the 0.1 level (Fig. 3) . As a result of the optimization, the following widths of the phase-shift regions were found: Let us now consider an important advantage of the proposed composite filters operating in the near-BIC regime, which consists in the possibility of generating a near-rectangular reflectance peaks with an essentially subnanometer width. The width of the resonance of a single ridge decreases when approaching a BIC and finally vanishes (Fig. 3) . Therefore, in the vicinity of a BIC, it is theoretically possible to obtain a Lorentzian reflectance peak with an arbitrarily small width. Let us remind that the width of the flat-top peak of the composite structure is very close to the width of the initial Lorentzian peak (at the 0.1 level). That means that by tuning the width of the ridges constituting the composite structure, one can engineer a very narrow peak having a flat-top (rectangular) shape described by Eq. (16) . Let us demonstrate this possibility. In the example considered above ( (Fig. 3) decreases by approximately 5 times to 0.2 nm  . Figure 6 shows the spectra of the composite structures constructed using this "high-Q" ridge with the width 360 nm w = and consisting of 2 N = , 4 N = , and 6 N = ridges. In the structure with 2 N = , the width of the phase-shift region between the ridges 948 nm l = satisfies the condition of Eq. (10) . In this case, the reflectance spectrum is very close to the squared modulus of the second-order Butterworth filter. In the case of 4 N = and 6 N = , the widths j l of the phase-shift regions were optimized in order to obtain the spectra with the Butterworth line shapes described by the functions ( ) Figure 6 shows that the obtained spectra indeed contain smoothed rectangular reflectance peaks with the width of about 0.2 nm , i.e. approximately 5 times narrower than in Fig. 5 (note the different wavelength ranges shown in Figs. 5 and 6 ). By further approaching the BIC located at 344 nm w = , 53.06  = , one can further decrease the width of the resonant peak provided by the resonant structure. It is important to note that, in contrast to many conventional structures providing narrow reflectance or transmittance peaks [1, 7, 8, 11] , a decrease in the peak width does not lead to an increase in the structure size. 
Fabry-Pérot bound states in the continuum in the composite structure
In addition to the possibility of obtaining a nearly rectangular reflectance peak with flat top, steep slopes and virtually no sidebands, the studied composite structures possess one more remarkable property. Before discussing it, let us remind that the single ridge on the surface of the waveguide used as the building block of the proposed composite structures supports BIC, which is caused by the interaction of TE-and TM-polarized modes in the ridge region [13] . Surprisingly, although the width of the ridges constituting the considered composite filters is detuned from the BIC condition, the composite structure can by itself support BICs, albeit of a different type. Indeed, let us show that if the distances between the ridges satisfy the FabryPérot resonance condition ( )
the so-called Fabry-Pérot bound states in the continuum are formed in the composite structure [25] [26] [27] . Let us remind that in Eq. (17) First, let us consider the structure comprising two ridges. The reflection and transmission coefficients of this structure are described by Eqs. (7)- (9) . If the condition of Eq. (17) is met, one of the poles in Eq. (9) [25] [26] [27] . The considered structure consisting of two ridges has only two scattering channels corresponding to the reflected and transmitted TE-polarized modes. In the case of a BIC, the leakage to these channels is prevented due to the Fabry-Pérot resonance formed between the ridges under the condition of Eq. (17) . Next, let us consider a composite structure comprising three ridges. The spectra of this structure are described by Eqs. (12)- (14) . Under the condition of Eq. (17), the poles defined by Eq. (14) (the complex wavelengths of the eigenmodes of the structure) take the form 
Therefore, if the condition of Eq. (17) is met, the poles ,1 p  and ,2 p  become real and coincide with the real-valued zeros of the reflection and transmission coefficient. This means that two equal-wavelength BICs (or, in other words, a double-degenerate BIC) are formed in the composite structure containing three ridges.
In a composite structure consisting of N ridges, the reflection and transmission coefficients defined by Eq. (15) Let us note that the formation of the Fabry-Pérot BICs in a composite structure consisting of two resonators is well-known [25] [26] [27] . At the same time, to the best of our knowledge, the formation of ( 1 N − )-degenerate BICs in a composite structure consisting of N resonant ridges (or other resonators) has not been previously studied.
In order to confirm the formation of the Fabry-Pérot BICs, we calculated the reflectance ( ) As an additional illustration of the BIC formation and the EIT effect, let us consider the transmittance spectra of a composite structure consisting of three ridges (Fig. 8) , two sharp peaks occur in the transmittance spectra at the wavelengths greater than the central wavelength 0  (see the red curve in Fig. 8 ).
These peaks correspond to the EIT effect and are associated with the zeros of the reflection coefficient defined by Eq. (13) . At 10 nm
 =
, the EIT-peaks become wider and experience a further red shift (see the yellow curve in Fig. 8 ). It is interesting to note that the different widths of the EIT-peaks follow from the expression for the poles of the transmission coefficient [Eq. (14) ]. Indeed, the widths of the EIT-peaks are determined by the magnitudes of the imaginary 
Conclusion
In the present work, we investigated resonant optical properties of composite structures consisting of N identical ridges on the surface of a slab waveguide separated by phase-shift regions. The single ridge used as the building block of the proposed composite structures supports bound states in the continuum and high-Q resonances having a Lorentzian line shape. Using the scattering matrix formalism, we obtained resonant approximations of the reflection and transmission coefficients of the composite structure. According to the derived expressions, in the case when the ridges constituting the composite structure support BICs, the composite structure supports N-degenerate BICs, whereas the detuning from the BIC condition allows one to obtain flat-top reflection filters. In particular, we demonstrated that at 2 N = , the reflection coefficient coincides with the transfer function of the second-order Butterworth filter. It was shown that by optimizing the widths of the phase-shift regions at 2 N  , one can obtain a flattop reflectance peak with steep slopes using just a few ridges. In our opinion, the proposed composite structure has a simpler geometry and is more compact than the planar filters based on integrated Bragg gratings.
To the best of our knowledge, this work presents the first theoretical and numerical demonstration of integrated flat-top filters operating in the near-BIC regime. An important advantage of the proposed structure consists in the fact that the flat-top reflectance peak can be made arbitrarily narrow by choosing the width of the ridges in the vicinity of a BIC supported by a single ridge. In this case, the corresponding composite structure can be considered as a perturbation of the composite structure supporting an N-degenerate BIC. In contrast to many conventional structures providing narrow reflectance or transmittance peaks, a decrease in the peak width does not lead to an increase in the structure size.
In addition to the spectral filtering applications, the considered composite structures possess one more remarkable optical property, namely, the formation of bound states in the continuum having a different origin than that of the BICs supported by the initial ridge. At the distances between the adjacent ridges satisfying the Fabry-Pérot condition, ( 1) N − -degenerate FabryPérot BICs arise in the composite structure comprising N ridges. In the vicinity of the formed BICs, an effect very similar to the electromagnetically induced transparency (EIT) effect is observed. In the present case, the EIT peaks can be explained by the presence of 1 N − zeros of the reflection coefficient.
The obtained results may find application in the design of optical filters, sensors, and the devices for the transformation of optical signals. In particular, the proposed composite structures can be used for higher-order differentiation of optical signals propagating in the slab waveguide. In addition, the theoretical result presented in Section 3 and concerning the description of the resonant properties of the composite structures are not specific for the considered ridge structures and can be extended to other composite structures comprising Lorentzian-line-shape resonators separated by phase-shift layers. 
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